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ABSTRACT
Mapping the behaviour of dark energy is a pressing task for observational cosmology. Phenomenological classification divides dynam-
ical dark energy models into freezing and thawing, depending on whether the dark energy equation of state is approaching or moving
away from w = p/ρ = −1. Moreover, in realistic dynamical dark energy models the dynamical degree of freedom is expected to
couple to the electromagnetic sector, leading to variations of the fine-structure constant α. We discuss the feasibility of distinguishing
between the freezing and thawing classes of models with current and forthcoming observational facilities and using a parametrisation
of the dark energy equation of state, which can have either behaviour, introduced by Mukhanov as fiducial paradigm. We illustrate
how freezing and thawing models lead to different redshift dependencies of α, and use a combination of current astrophysical obser-
vations and local experiments to constrain this class of models, improving the constraints on the key coupling parameter by more than
a factor of two, despite considering a more extended parameter space than the one used in previous studies. We also briefly discuss the
improvements expected from future facilities and comment on the practical limitations of this class of parametrisations. In particular,
we show that sufficiently sensitive data can distinguish between freezing and thawing models, at least if one assumes that the relevant
parameter space does not include phantom dark energy models.
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1. Introduction
The discovery of cosmic acceleration, first inferred from mea-
surements of the luminosity distance of type Ia supernovae in
1998 (Riess et al. 1998; Perlmutter et al. 1999), opened up a
new avenue for cosmological research. The most pressing task in
this endeavour is to identify the source of this acceleration—the
so-called Dark Energy—and understand its theoretical origin. A
cosmological constant Λ is the simplest explanation consistent
with the currently available data, but the well-known fine-tuning
problems associated with this solution imply that alternative sce-
narios should be sought and actively tested. A natural alternative
explanation would involve scalar fields, an example of which is
the Higgs field (Aad et al. 2012; Chatrchyan et al. 2012). Such
cosmological scalar fields would lead to dynamical dark energy
scenarios.
One of the simplest ways to classify dynamical dark energy
models is to divide them into ‘freezing’ and ‘thawing’, depend-
ing on the behaviour of the dark energy equation of state w(z)
(Caldwell & Linder 2005): qualitatively, in the former, w(z) is
approaching a value of −1 today, while in the latter it is mov-
ing away from it. Recent work of Marsh et al. (2014) sug-
gests that if one imposes physical priors, most realistic mod-
els are thawing. This should be contrasted to the analysis of
Huterer & Peiris (2007), who studied models selected on the
basis of phase space priors and found the opposite result. We
note that one difference between the two studies is that the lat-
ter started evolving the scalar fields at redshift z = 3 instead
of at early times. Meanwhile, recent observational constraints
such as those from the Planck mission in combination with other
probes (Ade et al. 2016; Aghanim et al. 2018) may be interpreted
as slightly favouring thawing models, as pointed out in Linder
(2015), though we note that the behaviour of dark energy is only
well constrained at low redshifts. On the other hand, the recent
work of Andersen & Hjorth (2017) suggests that given current
constraints, standard background probes such as type Ia super-
novae (even at higher redshifts than currently available) are not
ideal tools to discriminate between these models.
If dynamical scalar fields are indeed present, one naturally
expects them to couple to the rest of the model, unless a yet-
unknown symmetry is postulated to suppress these couplings
(Carroll 1998). In particular, a coupling of the field to the elec-
tromagnetic sector will lead to spacetime variations of the fine-
structure constant α; see Uzan (2011) and Martins (2017) for
recent reviews on this topic. Indeed there have been some recent
indications of such a variation (Webb et al. 2011), at the rela-
tive level of variation of a few parts per million, though other
measurements tightly constrain them (Molaro et al. 2013; Evans
et al. 2014; Kotus et al. 2017). Regardless of the outcome of
these studies (i.e. whether they provide detections of variations
or simply null results) the measurements have cosmological im-
plications that go beyond the mere fundamental nature of the
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tests themselves. One of the goals of this work is to highlight
some of these cosmological implications.
In what follows we make the ‘minimal’ (most natural) as-
sumption that the dynamical scalar field responsible for the dark
energy also leads to a redshift dependence of α. These models
are ‘referred to as ‘Class I’ in the terminology of Martins (2017).
Any varying α model not in Class I is denoted Class II, as in that
case dark energy and α variations would be due to two differ-
ent physical mechanisms. Our goal is to quantify the extent to
which, in Class I models, astrophysical measurements of α —
which can already be made up to a redshift of z = 4 and may in
the future be done at significantly higher redshifts — allow us to
distinguish freezing and thawing models that would not be dis-
tinguishable using only cosmological observables. We note that
there is at least one previous example of a class of dark energy
models in which, given current constraints, the dark energy can-
not be distinguished from a cosmological constant by any cur-
rent or foreseeable background cosmology observables: that of
rolling tachyon field models studied by Martins & Moucherek
(2016).
Specifically we use a phenomenological model introduced
by Mukhanov (2013) as fiducial parametrisation for dark energy;
this model may display a freezing or thawing behaviour depend-
ing on the value of one of the model’s free parameters. We first
update the observational constraints on the model first obtained
by Martins et al. (2016), taking advantage of several recent,
new local and astrophysical data. These include further measure-
ments of α and direct tests of the weak equivalence principle. We
then discuss how measurements of α expected from the next gen-
eration of high-resolution ultra-stable optical spectrographs such
as ESPRESSO (Pepe et al. 2013; Leite et al. 2016) and later ELT-
HIRES (Liske et al. 2014) will improve these constraints. In so
doing we identify two main limitations of this parametrisation
related to the fact that freezing models lead (other things be-
ing equal) to stronger α variations than thawing models and will
therefore be more constrained by null results, and to the fact that
a completely generic parameter space (including both canonical
and phantom dark energy models) will lead to full degeneracies
between model parameters. The first is an unavoidable conse-
quence of the definition of freezing and thawing models, while
the second can be removed by adopting a physical prior that ex-
cludes phantom models, and we show that, at least under this
assumption, sufficiently sensitive data can distinguish between
freezing and thawing models, as well as between Class II and
Class I models.
2. Dynamical dark energy models
Dynamical dark energy models may be usefully classified on
the basis of the dynamics of the underlying field in its potential
(Caldwell & Linder 2005). In thawing models, the field was for-
merly frozen away from its minimum by Hubble damping (and
therefore has an effective equation of state similar to that of a
cosmological constant w(z) ∼ −1) and recently started rolling
down and accelerating towards this minimum. Conversely, in
freezing models, the field was formerly rolling down a relatively
steep potential towards its minimum but the onset of the accel-
erated expansion of the universe slows down the field dynamics
and makes it decelerate. Some upper and lower bounds on the
dynamics of the two classes of models in the field phase space
were discussed in Caldwell & Linder (2005), although broader
classes of models studied in Marsh et al. (2014) or Huterer &
Peiris (2007) do not necessarily fulfil these bounds, especially in
the thawing case.
Fig. 1. Redshift dependence of the dark energy equation of state w(z)
in the parametrisation of Mukhanov (2013) for two specific cases of
freezing (β = −0.8) and thawing (β = 0.8) models, and for a range of
values of w0 identified by the colour bar.
Dynamical scalar fields in an effective 4D field theory are
naturally expected to couple to the rest of the theory, unless a
(still unknown) symmetry is postulated to suppress this coupling
(Carroll 1998; Dvali & Zaldarriaga 2002; Chiba & Kohri 2002).
In what follows we assume this to be the case for the dynamical
degree of freedom responsible for the dark energy. Specifically
we assume a coupling between the scalar field φ and the elec-
tromagnetic sector, which stems from a gauge kinetic function
BF(φ) :
LφF = −14BF(φ)FµνF
µν . (1)
One can assume this function to be linear,
BF(φ) = 1 − ζκ(φ − φ0) , (2)
where κ2 = 8piG, since, as pointed out in Dvali & Zaldarriaga
(2002), the absence of such a term would require the presence
of a φ → −φ symmetry, but such a symmetry must be broken
throughout most of the cosmological evolution. As is physically
clear, the relevant parameter in the cosmological evolution is the
field displacement relative to its present-day value, implying that
we can set φ0 to zero without loss of generality. In these models
the proton and neutron masses are also expected to vary due to
the electromagnetic corrections of their masses; while we do not
discuss this in detail in the present work — detailed discussions
can be found elsewhere (Uzan 2011; Martins 2017) — one rele-
vant consequence of this fact is that local tests of the equivalence
principle also constrain these models.
A varying α violates the Einstein equivalence principle since
it clearly violates local position invariance. It is also well known
that varying fundamental couplings induce violations of the
weak equivalence principle (or in other words, of the universal-
ity of free fall). The first detailed studies were done by Dicke
(1964), and a more recent and thorough discussion can be found
in Damour & Donoghue (2010). A light scalar field such as the
one we are considering inevitably couples to nucleons due to the
α dependence of their masses, and thus it mediates an isotope-
dependent long-range force. This can be quantified through the
dimensionless Eotvos parameter η. One can show that for the
class of models we are considering the Eotvos parameter and the
dimensionless coupling ζ are simply related by
η ∼ 10−3ζ2 ; (3)
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Fig. 2. Redshift dependence of the relative variation of α for different
values of w0, for freezing and thawing models. A value of the coupling
ζ = −5 × 10−6 has been assumed throughout.
Fig. 3. Redshift dependence of the relative variation of α for different
values of ζ, for freezing and thawing models. A value of w0 = −0.9 has
been assumed throughout.
we use this relation to provide local constraints on our fiducial
class of models.
With these assumptions one can explicitly relate the evolu-
tion of α to that of dark energy, as in Calabrese et al. (2011) and
Martins & Pinho (2015) whose derivation we summarise here.
The evolution of α can be written
∆α
α
≡ α − α0
α0
= B−1F (φ) − 1 = ζκ(φ − φ0) , (4)
and defining the fraction of the dark energy density,
Ωφ(z) ≡ ρφ(z)
ρtot(z)
' ρφ(z)
ρφ(z) + ρm(z)
, (5)
where in the last step we neglect the contribution from radiation
(since we are interested in low redshifts, z < 5, where it is in-
deed negligible), the evolution of the putative scalar field can be
expressed in terms of the dark energy properties Ωφ and w as
(Nunes & Lidsey 2004)
1 + wφ =
(κφ′)2
3Ωφ
, (6)
with the prime denoting the derivative with respect to the loga-
rithm of the scale factor. We finally obtain
∆α
α
(z) = ζ
∫ z
0
√
3Ωφ(z′)
(
1 + wφ(z′)
) dz′
1 + z′
. (7)
We note that the above relation assumes a canonical scalar field.
An analogous calculation for phantom fields (Vielzeuf & Mar-
tins 2014) will lead to
∆α
α
(z) = −ζ
∫ z
0
√
3Ωφ(z′)
∣∣∣1 + wφ(z′)∣∣∣ dz′1 + z′ ; (8)
the change of sign stems from the fact that one expects phantom
field to roll up the potential rather than down.
Since the redshift dependence of the dark energy equation of
state w(z) is qualitatively different in freezing and thawing mod-
els, the behaviour of α(z) will be correspondingly different in the
two classes of models. This could in principle be observation-
ally exploited: as we discuss below, mapping the behaviour of
α(z) may be used to distinguish between the two classes of mod-
els, even allowing for the uncertainty in the coupling parameter
ζ which provides an overall normalisation. Naturally, the detec-
tion of a redshift dependence of α immediately excludes ΛCDM,
and thus distinguishes between a dynamical dark energy model
and a cosmological constant.
3. Mukhanov’s parametrisation
Here we assume that the dark energy which is accelerating the
universe can be phenomenologically described by a parametri-
sation proposed by Mukhanov (2013). This was introduced with
the goal of describing the dynamics of inflationary models, but it
is clear that it can also be applied to the case of the recent accel-
eration of the universe. In this scenario the dark energy equation
of state has the following redshift dependence:
w(z) = −1 + 1 + w0
[1 + ln (1 + z)]β
. (9)
Here, w0 is the present-day value of the dark energy equation
of state. The other free parameter is the slope β, which controls
how fast the dark energy equation of state changes with redshift;
β = 0 corresponds to a constant equation of state while negative
and positive values of β correspond, respectively, to freezing and
thawing models. This behaviour is illustrated in Figure 1.
In this case the dark energy density evolves as
ρφ
ρφ0
= exp
[
3
1 + w0
1 − β
(
[1 + ln(1 + z)]1−β − 1
)]
, (10)
provided one has β , 1. For the particular case β = 1 one instead
has
ρφ
ρφ0
= [1 + ln(1 + z)]3(1+w0) . (11)
We further assume flat Friedmann-Lemaître-Robertson-Walker
models, and neglect the contribution of the radiation density,
since we are concerned with observational data at low redshifts.
In this case the Friedmann equation is
H2(z)
H20
= Ωm(1 + z)3 + Ωφ
ρφ(z)
ρφ0
, (12)
where Ωm + Ωφ = 1.
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Under the assumption that this phenomenological parametri-
sation describes the dynamics of some underlying scalar field,
the redshift dependence of the fine-structure constant α is then
given by Equation 7. Figures 2 and 3 illustrate how the behaviour
of the relative variation of α depends on the Mukhanov model
parameters and the coupling ζ. These make it clear that, other
parameters being equal, a freezing model will have larger vari-
ations of α than a thawing model. This raises the question as
to how one may be able to observationally distinguish between
them.
Finally, another important observable is the current drift rate
of the value of α, which from Equation 7 can be found to be
1
H0
α˙
α
= −ζ
√
3Ωφ0(1 + w0) . (13)
Naturally this simply depends on the present value of the dark
energy equation of state (and vanishes for w0 = −1), but it is
independent of β. This provides a second way to constrain these
models using local experiments.
4. Current observational constraints
Below, we constrain this class of models using a combination of
cosmological and astrophysical observations complemented by
local tests. For background cosmology, we use the recent Pan-
theon catalogue of Type Ia supernovas of Riess et al. (2018),
including its covariance matrix, together with the compilation
of 38 measurements of the Hubble parameter by Farooq et al.
(2017). The latter is important for extending the redshift lever
arm and extending the overlap with the range of redshifts of
α measurements. Specifically, this compilation includes Hubble
parameter measurements up to redshift z ∼ 2.36, while the super-
nova data are all at effective redshifts z < 1.5; for comparison,
the α measurements in the following paragraph reach beyond
z = 4.
As for astrophysical (spectroscopic) tests of the stability of
α, we use both the Webb et al. (2011) data set (a large data set of
293 archival data measurements) and the smaller but more recent
data set of 24 dedicated measurements (Martins 2017; Murphy
& Cooksey 2017), which are expected to have a better control of
possible systematic errors. The former data set spans a redshift
range 0.22 ≤ z ≤ 4.18, while the latter spans a narrower range,
1.02 ≤ z ≤ 2.13, but contains more stringent measurements that
are compatible with the null result; overall these independent
data sets complement each other and the constraining power of
the two is comparable, as recently studied by Martins & Vila
Miñana (2019).
Additionally we use three other local constraints. Firstly, the
Oklo natural nuclear reactor (Petrov et al. 2006) provides a geo-
physical constraint on the value of α
∆α
α
= 0.005 ± 0.061 ppm , (14)
at an effective redshift z = 0.14, under the simplifying assump-
tion that α is the only parameter that may have been different and
all the remaining physics is unchanged. Secondly, the atomic
clocks laboratory bound of Rosenband et al. (2008) constrains
the current drift of α to be(
1
H
α˙
α
)
0
= −0.22 ± 0.32 ppm ; (15)
we note that for convenience we use units of parts per million
(ppm) throughout for values of α and the coupling ζ. Thirdly,
Table 1. Current two-sigma (95.4% c.l.) constraints for w0 and ζ, for
the astrophysical and full data sets and for the uniform and logarithmic
priors on w0. For comparison, we also show the constraints previously
obtained in Martins et al. (2016). The reduced chi-square for the maxi-
mum likelihood parameters is also shown.
Parameter Astro data Full data Previous
χ2ν 0.98 0.99 0.96
w0 −0.99+0.09−0.08 −1.00+0.08−0.06 −1.00+0.04−0.03
ζ Unconstrained −0.1+2.7−2.6 ppm 0 ± 6 ppm
we use the recently improved constraint on the Eotvos parameter
obtained by the MICROSCOPE satellite (Touboul et al. 2017):
η = (−0.1 ± 1.3) × 10−14 . (16)
Compared to the previous study of this model in Martins et al.
(2016), there are therefore three main differences in these data
sets:
– Here we use a more recent supernova data set; the previous
work used the Union2.1 catalogue of Suzuki et al. (2012)
– There are 10 additional measurements of the Hubble param-
eter and 13 additional measurements of α; in both cases these
are recent measurements which were not available at the time
of the earlier analysis, highlighting the rapid progress in the
field.
– The Oklo and MICROSCOPE constraints were not previ-
ously used; the latter was also unavailable at the time of the
early work.
As we see in what follows, the MICROSCOPE bound is the main
contributor to the improvements in the current constraints on this
class of models.
We carry out a standard statistical likelihood analysis, as-
suming uniform priors on the dark energy equation of state w0,
the slope β, and the coupling ζ. As previously mentioned we as-
sume a flat universe, and further fix the present-day value of the
matter density to Ωm = 0.3, in agreement with both CMB and
low-redshift data (Aghanim et al. 2018; Abbott et al. 2018; Scol-
nic et al. 2018; Jones et al. 2018). This choice is fully consistent
with the supernova and Hubble parameter data we use, and does
not significantly affect the parameters we are interested in con-
straining, especially the coupling ζ; see Alves et al. (2017) for
an analysis of this point in the case of different (but analogous)
dark energy parametrisations. The Hubble constant is always an-
alytically marginalised, following the prescription of Anagnos-
topoulos & Basilakos (2018).
Our constraints are summarised in Figures 4 and 5 and in
Table 1. The slope β is not significantly constrained, though we
also note an important asymmetry in the posterior likelihood for
β: freezing models (having β < 0) are more constrained than
thawing models (with β > 0). The reason for this was pointed
out in Martins et al. (2016): for a given value of the present-
day dark energy equation of state (the other relevant dark energy
parameter) a freezing model leads to larger variations of α at
higher redshifts (assuming the same values of the coupling ζ)
and will therefore be more tightly constrained by astrophysical
measurements. As the first panel in Figure 5 shows, this asym-
metry is reduced when the local data is added, since the atomic
clocks and MICROSCOPE constraints (especially the latter) on
the coupling are tight without being sensitive to β.
The bottom left panel of Figure 4 and the bottom panel of
Figure 5 show that the combination of cosmological and astro-
physical data has a one-sigma (thus not statistically significant)
Article number, page 4 of 12
Vilas Boas et al.: Distinguishing freezing and thawing dark energy models
Fig. 4. Current constraints on dark energy models with the Mukhanov (2013) dark energy equation of state, assuming a uniform prior on w0. The
left-hand side panels depict the constraints from the combination of astrophysical and cosmological constraints; in the right-hand side panels,
local constraints from Oklo, atomic clocks, and MICROSCOPE have also been used. In all cases the black contours denote the one-, two-, and
three-sigma confidence levels, and the colour map depicts the reduced chi-square of the fit for each set of model parameters (the dark red colour
corresponds to a reduced chi-square of 1.5 or higher).
preference for a non-zero coupling ζ. In fact, two distinct re-
gions of parameter space are preferred: one has a negative cou-
pling and a canonical dark energy equation of state, while the
other has a positive coupling and a phantom dark energy equa-
tion of state. The reason for this degeneracy is that, as one can
see from Eqs. 7 and 8, simultaneously changing the signs of ζ
and of (1 + w0) leads to the same behaviour of α. In any case,
this preference disappears when the local constraints are added
to the analysis.
In comparison to the previous analysis (Martins et al. 2016),
the most significant improvement is that the constraint on the
coupling ζ (which, in the absence of local data, is still uncon-
strained at two standard deviations) is improved by more than a
factor of two. On the other hand, given the degeneracy between
the two parameters, the constraint on the dark energy equation
of state w0 is weakened by about a factor of two. However, we
note that there is an additional difference between the two anal-
yses which contributes to these changes: in Martins et al. (2016)
the Hubble constant was kept fixed at H0 = 70 km/s/Mpc, while
in the present work it is always analytically marginalised. In this
sense the present analysis is more conservative, which makes the
improvement on the ζ constraint more significant.
5. Improving constraints: prospects and limitations
We now discuss how these constraints may improve with forth-
coming cosmological, astrophysical, and local measurements.
This also allows us to address the question of what kind of mea-
surements of the fine structure constant we would need in order
distinguish between a freezing and a thawing model. For this
purpose, and in addition to the standard ΛCDM model (which
has w0 = −1 and ζ = 0), we consider two fiducial models, with
a thawing and freezing behaviour respectively, with the model
parameters
w0 = −0.95 , ζ = −2.5ppm , β = ±0.8; (17)
these are within the current one-sigma constraints presented in
the previous section.
We conservatively assume that the sensitivity of the Oklo and
atomic clock bounds will be unchanged. Regarding the cosmo-
logical data, we assume a future WFIRST-like supernova data
set as discussed in Riess et al. (2018). These forecasts were
computed assuming independent measurements; in (Riess et al.
2018), the authors claim that any correlations between obser-
vations should be moderate, but attempts to contact the authors
Article number, page 5 of 12
A&A proofs: manuscript no. alpha
Fig. 5. Posterior likelihoods for the model parameters in the Mukhanov
(2013) dark energy equation of state, assuming a uniform prior on w0
and marginalising the other parameters. The dot-dashed lines corre-
spond to the constraints from the combination of astrophysical and cos-
mological constraints, while the solid lines correspond to constraints
from our full data set (including also the local constraints from Oklo,
atomic clocks and MICROSCOPE).
for clarification have so far been unsuccessful. As for future
constraints on the Eotvos parameter, we assume an order-of-
magnitude improvement on the current ones — this may soon
Table 2. Comparison of two-sigma (95.4% c.l.) constraints for the cur-
rent data (cf. Table 1) and our three simulated scenarios, assuming that
the fiducial model is ΛCDM. Since the posterior likelihoods are not
symmetric, we show the full parameter range containing the two-sigma
constraints.
Parameter Current σ = 5 ppm σ = 1 ppm σ = 0.1 ppm
w0 0.14 0.16 0.15 0.11
ζ (ppm) 5.3 3.0 2.3 0.5
be available from the final MICROSCOPE results (Touboul et al.
2019).
As for the fine-structure constant α, we consider an improved
data set of 300 measurements, expected to be put together by fa-
cilities such as ESPRESSO (Pepe et al. 2013; Leite et al. 2016)
which is already operational, and ELT-HIRES (Liske et al. 2014)
which is expected to be operational within a decade. We conser-
vatively assume that these measurements span the redshift range
0 < z < 4 (which contains almost all currently available mea-
surements), and look at three possible sensitivities, σ = 5, 1, and
0.1ppm. We note that the case of σ = 5ppm is comparable to
(in fact slightly poorer than) the currently available α data set,
but it serves as a proxy for assessing the impact of an improved
constraint on the Eotvos parameter while also providing a fair
comparison to our two other α data sets.
For each combination of fiducial model and observational
sensitivity we generate a mock data set, which we then put
through our previously developed statistical analysis pipeline.
We have verified that the fiducial model parameters are recov-
ered, but this is subject to caveats that are discussed below.
We start with the scenario where the fiducial model is the
standard ΛCDM. Table 2 shows how the current upper limits
previously shown in Table 1 would be improved by our simu-
lated data sets. We note that the posterior likelihoods are neither
Gaussian nor symmetric, and therefore we list the full range of
each parameter which contains the two-sigma constraint. Overall
we see that the gains in sensitivity on w0 are comparatively small,
while those on ζ are quite significant. This is a consequence of
the fact that constraints on the Eotvos parameter directly corre-
spond to constraints on ζ. Improving the MICROSCOPE con-
straint by a factor of ten without significantly changing the α
data set (our σ = 5 ppm case) is expected to improve the con-
straint on ζ by a factor of 1.7 while that on w0 worsens by about
10%. This worsening is due to the correlation between the two
parameters. On the other hand, in the σ = 0.1 ppm case the con-
straint on ζ improves by a factor of ten while that on w0 improves
by about 20%. Naturally, β is unconstrained in this scenario.
We now move to the scenario where the fiducial model is
w0 = −0.95 and ζ = −2.5ppm, either with β = −0.8 or β = +0.8.
The results of this analysis are summarised in Figure 6. We see
that this model can be distinguished from ΛCDM, for which cor-
responding constraints are also depicted in all panels to facilitate
the comparison. We also note that the constraints are stronger for
freezing β < 0 than for thawing models, and that the canonical
fiducial model is always recovered, but a phantom counterpart,
corresponding to w0 = −1.05 and ζ = +2.5ppm, is also statisti-
cally allowed; both of these occur for the reasons mentioned in
the previous section. The result is that two-sigma constraints are
quite weak and do not allow us to distinguish between the canon-
ical and phantom sectors of the model. The phantom solution is,
statistically speaking, slightly preferred over the canonical one,
though the difference is not significant; this preference is mainly
driven by the cosmological data, as also seen from other data sets
(Aghanim et al. 2018; Alam et al. 2017).
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Freezing (β = −0.8) Thawing (β = +0.8)
σ = 5 ppm
σ = 1 ppm
σ = 0.1 ppm
Fig. 6. Constraints on the ζ-w0 plane for our simulated data sets, with β marginalised. The blue contours are for a ΛCDM fiducial, while the red
ones are for a fiducial model with w0 = −0.95 and ζ = −2.5ppm. For the latter fiducial, left and right columns of panels correspond to β = −0.8
and β = +0.8, respectively, while top, middle, and bottom rows correspond to different sensitivities in the α data set, respectively σ = 5, 1, and
0.1ppm. One, two, and three-sigma confidence levels are shown in all panels.
A preliminary conclusion is therefore that this parametrisa-
tion is too broad if one mathematically allows for its full param-
eter space. Still it is worth studying three specific cases: those
where only one of the two parameters ζ and w0 differs from
the canonical behaviour, and the case where only canonical dark
energy equations of state are allowed, and therefore w0 ≥ −1,
which is (arguably) better motivated from a theoretical physics
perspective. We separately discuss each of the three in the fol-
lowing sections.
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Table 3. Comparison of two-sigma (95.4% c.l.) constraints for our three
simulated scenarios, assuming that the fiducial model is w0 = −0.95
and ζ = 0. The first two rows are for freezing models (specifically with
β = −0.8) and the last two for thawing models (specifically with β =
+0.8). Since the posterior likelihoods are not symmetric, we show the
full parameter range containing the two-sigma constraints.
Model Parameter σ = 5ppm σ = 1ppm σ = 0.1ppm
β = −0.8 w0 0.18 0.15 0.10
ζ (ppm) 2.9 2.4 0.5
β = +0.8 w0 0.17 0.15 0.11
ζ (ppm) 3.4 2.0 0.4
5.1. Case w0 = −0.95 and ζ = 0
This case corresponds to the scenario where the dark energy is
not a cosmological constant, being due to the dynamics of some
fundamental or effective scalar field, but some unknown mecha-
nism suppresses the coupling of this field to the electromagnetic
sector and therefore one has ζ = 0. We emphasise that given the
current understanding of 4D effective field theory such a sup-
pression would be a form of fine-tuning (Carroll 1998; Dvali &
Zaldarriaga 2002; Chiba & Kohri 2002), but nevertheless this is
a conceptually valid scenario worth discussing.
The results of our analysis are summarised in Figure 7 and
Table 3; the latter again lists the full range of each parameter
which contains the two-sigma constraints. All fiducial models
are recovered at the one-sigma confidence level, with the excep-
tion of w0 in the σ = 0.1 ppm case, which is only recovered at
the two-sigma level. The latter is due to the increased statistical
weight of the α measurements, which in this case will be consis-
tent with no variations. Overall the behaviour is the same as was
discussed above for the standard model constraints.
5.2. Case w0 = −1 and ζ = −2.5ppm
This corresponds to the scenario where the dark energy acceler-
ating the universe is due to a cosmological constant, while a sep-
arate physical mechanism leads to variations of the fine-structure
constant, and therefore a non-zero ζ. Examples of this sce-
nario include Bekenstein-type models (Bekenstein 1982; Sand-
vik et al. 2002) and their extensions by Olive & Pospelov (2002).
Recent constraints on the former can be found in Leite & Martins
(2016), and on the latter in Alves et al. (2018).
The results of our analysis are summarised in Figure 8. We
find that while the w0 = −1 fiducial value is always recovered
at one-sigma, this is not necessarily the case for the value of
ζ. Indeed, for σ = 0.1 ppm the extremely constraining α data
set (which is consistent with no variations, since w0 = −1) will
lead to a two-sigma constraint ζ = 0.0+0.2−0.3, strongly disagreeing
with the fiducial. Nevertheless, we note that there is a positive
aspect to this. In these models, the non-zero value of ζ should
presumably be detected by one of the local experiments probing
the Einstein equivalence principle. In that case, the disagreement
between local and astrophysical measurements of ζ would be
an indication that two different mechanisms are behind the dark
energy and the Einstein equivalence principle violation. In other
words, this would disfavour Class I models and be an indication
of an underlying Class II model, as discussed in the introduction
and in more detail in Martins (2017).
In the other two cases, σ = 5 and σ = 1 ppm, the simulated
MICROSCOPE bound has a comparatively stronger statistical
weight, and the fiducial value of ζ is now recovered, though with
a large uncertainty, as in the general case discussed above. We
Table 4. Comparison of two-sigma (95.4% c.l.) constraints for our three
simulated scenarios, assuming that the fiducial model is w0 = −0.95 and
ζ = −2.5ppm and allowing only canonical dark energy models. The
first three rows are for freezing models (specifically with β = −0.8) and
the last three for thawing models (specifically with β = +0.8). ‘Unc.’
denotes an unconstrained parameter.
Model Parameter σ = 5ppm σ = 1ppm σ = 0.1ppm
w0 −0.97+0.05−0.02 −0.97+0.04−0.01 −0.97+0.03−0.02
β = −0.8 ζ (ppm) −2.9+0.6−0.5 −2.8+0.6−0.5 −2.6 ± 0.05
β Unc. Unc. −1.0+0.7−0.6
w0 −0.96+0.06−0.03 −0.98+0.04−0.01 −0.96+0.03−0.02
β = +0.8 ζ (ppm) −2.9+0.7−0.5 −2.1+0.8−0.6 −2.7 ± 0.05
β Unc. −0.6+2.5−1.5 0.6+1.0−0.7
note that again we see the two branches of the solution, a canon-
ical one with a negative ζ and a phantom one with a positive ζ.
Although statistically there is no strong preference for one or the
other, it is interesting to note that in the freezing case (β = −0.8)
the phantom branch is the slightly favoured one, while in the
thawing case (β = +0.8) it is the canonical branch that is slightly
favoured.
5.3. The canonical w0 ≥ −1 case
We finally consider the case where we impose that w0 ≥ −1,
which can be seen as a physical choice of prior; phantom models,
while a legitimate subject for phenomenological study and statis-
tical analysis, are known to be physically problematic (Caldwell
et al. 2003; Cline et al. 2004; Vikman 2005). Other than this,
the analysis is similar to the previous one, in particular assuming
uniform priors for all the model parameters.
The results are summarised in Figure 9 and Table 4. Again
we see that the fiducial model is always recovered at one stan-
dard deviation. By comparison to the previous cases, the main
difference here is that the reduction in the allowed volume of
parameter space as the sensitivity of the α measurements im-
proves is now done along the direction of the β parameter. This
is the reason why the constraints on w0 and ζ are only improved
slightly when going from σ = 5 to σ = 0.1 ppm. On the other
hand, with sufficiently precise measurements of α it now be-
comes possible to constrain β. This starts to become possible
around σ = 1 ppm: for the mock datasets we have generated for
this case, for the β = −0.8 model the constraint is at the level
of 1.9 standard deviations (and therefore it narrowly misses the
two-sigma threshold used in Table 4), while for the β = +0.8 it is
at about 2.1 standard deviations. On the other hand, for σ = 0.1
ppm one cannot only constrain β but it even becomes possible to
distinguish between freezing and thawing models, at least (un-
der the assumptions used for generating our mock data sets) at
the one- to two-sigma level. This case also makes it clear that
the degeneracy directions in the w0-ζ plane change with the sen-
sitivity of the α measurements. This is due to the different rel-
ative statistical weight of the astrophysical and local data: for
σ = 5 ppm the constraints are clearly dominated by the local data
(and in particular by the MICROSCOPE measurement) while for
σ = 0.1 ppm the α measurements dominate. In this regard the
differences between the freezing and thawing fiducials are com-
paratively small.
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Freezing (β = −0.8) Thawing (β = +0.8)
σ = 5 ppm
σ = 1 ppm
σ = 0.1 ppm
Fig. 7. Constraints on the ζ-w0 plane for our simulated data sets, with β marginalised. The blue contours are for a ΛCDM fiducial, while the red
ones are for a fiducial model with w0 = −0.95 and ζ = 0. For the latter fiducial, left and right columns of panels correspond to β = −0.8 and
β = +0.8, respectively, while top, middle, and bottom rows correspond to different sensitivities in the α data set, respectively σ = 5, 1, and 0.1ppm.
One, two, and three-sigma confidence levels are shown in all panels.
6. Conclusions
We used a combination of background cosmology, astrophysical
spectroscopy, and data from laboratory experiments to constrain
a phenomenological but physically realistic dynamical dark en-
ergy model. This phenomenological model was introduced by
Mukhanov (2013) with the aim of studying inflationary scenar-
ios in the early universe, but is equally applicable to the more re-
cent universe and the dynamical dark energy context. The model
is interesting for the latter purpose because it can either have a
freezing or thawing behaviour, depending on the value of one of
the model parameters, denoted β.
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Freezing (β = −0.8) Thawing (β = +0.8)
σ = 5 ppm
σ = 1 ppm
σ = 0.1 ppm
Fig. 8. Constraints on the ζ-w0 plane for our simulated data sets, with β marginalised. The blue contours are for a ΛCDM fiducial, while the red
ones are for a fiducial model with w0 = −1 and ζ = −2.5ppm. For the latter fiducial, left and right columns of panels correspond to β = −0.8
and β = +0.8, respectively, while top, middle, and bottom rows correspond to different sensitivities in the α data set, respectively σ = 5, 1, and
0.1ppm. One, two, and three-sigma confidence levels are shown in all panels.
We allowed for the possibility that the putative dynami-
cal scalar field responsible for the dark energy also couples to
the electromagnetic sector, thereby violating the weak equiva-
lence principle and leading to a redshift dependence of the fine-
structure constant α. It cannot be overemphasised that this is
the natural expectation in any realistic (physically motivated)
dynamical dark energy scenario, at least if it relies on one or
more underlying scalar fields. Suppressing these couplings re-
quires postulating a hitherto unknown symmetry (Carroll 1998).
The important consequence here is that dynamical dark en-
ergy models can—and should—be constrained by a combination
of cosmological, astrophysical, and local data. Our analysis takes
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Freezing (β = −0.8) Thawing (β = +0.8)
σ = 5 ppm
σ = 1 ppm
σ = 0.1 ppm
Fig. 9. Constraints on the ζ-w0 plane for our simulated data sets, with β marginalised, with only canonical models (w0 ≥ −1) allowed. The blue
contours are for a ΛCDM fiducial, while the red ones are for a fiducial model with w0 = −0.95 and ζ = −2.5ppm. For the latter fiducial, left and
right columns of panels correspond to β = −0.8 and β = +0.8, respectively, while top, middle, and bottom rows correspond to different sensitivities
in the α data set, respectively σ = 5, 1, and 0.1ppm. One, two, and three-sigma confidence levels are shown in all panels.
advantage of recent gains in sensitivity on all three of these fronts
to improve the constraints on the key coupling parameter men-
tioned in the previous paragraph (and denoted ζ in this work)
by more than a factor of two, despite the fact that we consider
a more extended parameter space than the one used in previous
studies. It is clear that among these more recent data sets the one
leading to the tightest constraints is the MICROSCOPE bound
on the Eotvos parameter (Touboul et al. 2017).
We also discuss the improvements expected from near-future
facilities, and comment on the practical limitations of this class
of parametrisations. Our main aim here is to quantify the im-
pact of the expected gains in sensitivity from MICROSCOPE
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(whose final results are expected soon, and may be further im-
proved by subsequent facilities) and from high-resolution ultra-
stable astrophysical spectrographs such as ESPRESSO (already
operational) and the next-generation ELT-HIRES (due to start
its Phase B of development in 2020). In order to minimise the
number of parameters being varied when generating mock data
sets we conservatively assumed that the sensitivity of cosmolog-
ical data is unchanged (though we always generated mock data
compatible with the fiducial model being assumed).
Our results show that if the correct fiducial model is the stan-
dard ΛCDM we may expect the constraints on ζ to improve by at
least one order of magnitude (especially considering that the sen-
sitivity of cosmological data sets will also improve). On the other
hand, if the correct fiducial model is not the standard one, then
sufficiently sensitive data can distinguish between freezing and
thawing models, although in general this requires that one makes
the physically reasonable assumption that the relevant parame-
ter space does not include phantom dark energy models (whose
dark energy equation of state is more negative than that for a
cosmological constant). If phantom models are allowed, β is un-
constrained.
One of the assumptions underlying our analysis is that the
dynamical degree of freedom responsible for the putative α vari-
ation is the same one producing the dynamical dark energy—in
other words, that it is a Class I model, in the classification of
Martins (2017). Nevertheless this hypothesis is testable and fal-
sifiable. This point is illustrated by the scenario where the fidu-
cial model has w0 = −1 but ζ , 0. In this case, sufficiently
precise and accurate astrophysical data would find a value con-
sistent with ζ = 0, in disagreement with other local measure-
ments which would find ζ , 0. This would then point to a Class
II model, where dark energy could be a cosmological constant
while a different dynamical mechanism would be responsible for
the Einstein equivalence principle violation. In other words, the
dynamical degree of freedom responsible for the latter would not
provide the dominant dark energy contribution, and even if this
degree of freedom led to a detectable α variation (which would
therefore suggest a dark energy equation of state w0 , −1) the
disagreement with cosmological data consistent with w0 = −1
would again point to a Class II model. As mentioned above, ex-
amples of this scenario include Bekenstein-type models (Beken-
stein 1982; Sandvik et al. 2002) and their extensions by Olive &
Pospelov (2002).
Our analysis also demonstrates that despite the relevance of
having a single parametrisation that can simultaneously account
for freezing and thawing models, the Mukhanov parametrisation
has two limitations when it is used for the purposes we con-
sider here. The first stems from the fact that freezing models lead
(other things being equal) to stronger α variations than thawing
models and will therefore be more constrained by null α results.
In principle this could be mitigated by choosing priors that com-
pensate for this, but the interpretation of such priors is unclear.
The second limitation, as mentioned immediately above, is the
fact that a completely generic parameter space (including both
canonical and phantom dark energy models) will lead to full
degeneracies between models parameters. This can be circum-
vented by adopting a physical prior that excludes phantom mod-
els. The extent to which these features apply to other dynamical
dark energy models will be the subject of future work.
Acknowledgements. This work was financed by FEDER—Fundo Europeu de
Desenvolvimento Regional funds through the COMPETE 2020—Operational
Programme for Competitiveness and Internationalisation (POCI), and by Por-
tuguese funds through FCT - Fundação para a Ciência e a Tecnologia in the
framework of the project POCI-01-0145-FEDER-028987. A.B. and C.S. ac-
knowledge financial support from Programa Joves i Ciència, funded by Fundació
Catalunya-La Pedrera (Spain).
References
Aad, G. et al. 2012, Phys.Lett., B716, 1
Abbott, T. M. C. et al. 2018, Phys. Rev., D98, 043526
Ade, P. A. R. et al. 2016, Astron. Astrophys., 594, A14
Aghanim, N. et al. 2018 [arXiv:1807.06209]
Alam, S. et al. 2017, Mon. Not. Roy. Astron. Soc., 470, 2617
Alves, C. S., Leite, A. C. O., Martins, C. J. A. P., et al. 2018, Phys. Rev., D97,
023522
Alves, C. S., Silva, T. A., Martins, C. J. A. P., & Leite, A. C. O. 2017, Phys. Lett.,
B770, 93
Anagnostopoulos, F. K. & Basilakos, S. 2018, Phys. Rev., D97, 063503
Andersen, P. & Hjorth, J. 2017, Mon. Not. Roy. Astron. Soc., 472, 1413
Bekenstein, J. D. 1982, Phys. Rev., D25, 1527
Calabrese, E., Menegoni, E., Martins, C. J. A. P., Melchiorri, A., & Rocha, G.
2011, Phys.Rev., D84, 023518
Caldwell, R. & Linder, E. V. 2005, Phys.Rev.Lett., 95, 141301
Caldwell, R. R., Kamionkowski, M., & Weinberg, N. N. 2003, Phys. Rev. Lett.,
91, 071301
Carroll, S. M. 1998, Phys.Rev.Lett., 81, 3067
Chatrchyan, S. et al. 2012, Phys.Lett., B716, 30
Chiba, T. & Kohri, K. 2002, Prog.Theor.Phys., 107, 631
Cline, J. M., Jeon, S., & Moore, G. D. 2004, Phys. Rev., D70, 043543
Damour, T. & Donoghue, J. F. 2010, Class. Quant. Grav., 27, 202001
Dicke, R. H. 1964, in Relativité, Groupes et Topologie: Proceedings, École d’été
de Physique Théorique, Session XIII, Les Houches, France, Jul 1 - Aug 24,
1963, 165–316
Dvali, G. & Zaldarriaga, M. 2002, Phys.Rev.Lett., 88, 091303
Evans, T. M., Murphy, M. T., Whitmore, J. B., et al. 2014, M.N.R.A.S., 445, 128
Farooq, O., Madiyar, F. R., Crandall, S., & Ratra, B. 2017, Astrophys. J., 835, 26
Huterer, D. & Peiris, H. V. 2007, Phys.Rev., D75, 083503
Jones, D. O. et al. 2018, Astrophys. J., 857, 51
Kotus, S. M., Murphy, M. T., & Carswell, R. F. 2017, Mon. Not. Roy. Astron.
Soc., 464, 3679
Leite, A. C. O. & Martins, C. J. A. P. 2016, Phys. Rev., D94, 023503
Leite, A. C. O., Martins, C. J. A. P., Molaro, P., Corre, D., & Cristiani, S. 2016,
Phys. Rev., D94, 123512
Linder, E. V. 2015, Phys.Rev., D91, 063006
Liske, J. et al. 2014, Top Level Requirements For ELT-HIRES, Document ESO
204697 Version 1
Marsh, D. J., Bull, P., Ferreira, P. G., & Pontzen, A. 2014, Phys.Rev., D90,
105023
Martins, C. J. A. P. 2017, Rep. Prog. Phys., 80, 126902
Martins, C. J. A. P. & Moucherek, F. M. O. 2016, Phys. Rev., D93, 123524
Martins, C. J. A. P. & Pinho, A. M. M. 2015, Phys.Rev., D91, 103501
Martins, C. J. A. P., Pinho, A. M. M., Carreira, P., et al. 2016, Phys. Rev., D93,
023506
Martins, C. J. A. P. & Vila Miñana, M. 2019, Phys. Dark Univ., 25, 100301
Molaro, P., Centurion, M., Whitmore, J., et al. 2013, Astron.Astrophys., 555,
A68
Mukhanov, V. 2013, Eur. Phys. J., C73, 2486
Murphy, M. T. & Cooksey, K. L. 2017, Mon. Not. Roy. Astron. Soc., 471, 4930
Nunes, N. J. & Lidsey, J. E. 2004, Phys.Rev., D69, 123511
Olive, K. A. & Pospelov, M. 2002, Phys. Rev., D65, 085044
Pepe, F., Cristiani, S., Rebolo, R., et al. 2013, The Messenger, 153, 6
Perlmutter, S. et al. 1999, Astrophys.J., 517, 565
Petrov, Yu. V., Nazarov, A. I., Onegin, M. S., Petrov, V. Yu., & Sakhnovsky, E. G.
2006, Phys. Rev., C74, 064610
Riess, A. G. et al. 1998, Astron.J., 116, 1009
Riess, A. G. et al. 2018, Astrophys. J., 853, 126
Rosenband, T., Hume, D., Schmidt, P., et al. 2008, Science, 319, 1808
Sandvik, H. B., Barrow, J. D., & Magueijo, J. 2002, Phys. Rev. Lett., 88, 031302
Scolnic, D. M. et al. 2018, Astrophys. J., 859, 101
Suzuki, N. et al. 2012, Astrophys. J., 746, 85
Touboul, P. et al. 2017, Phys. Rev. Lett., 119, 231101
Touboul, P. et al. 2019, Class. Quant. Grav., 36, 225006
Uzan, J.-P. 2011, Living Rev.Rel., 14, 2
Vielzeuf, P. E. & Martins, C. J. A. P. 2014, Mem.Soc.Ast.It., 85, 155
Vikman, A. 2005, Phys. Rev., D71, 023515
Webb, J., King, J., Murphy, M., et al. 2011, Phys.Rev.Lett., 107, 191101
Article number, page 12 of 12
